A B S T R A C T Dominant factors affecting fatigue failure from non-metallic inclusions in the very-highcycle fatigue (VHCF) regime are reviewed, and the mechanism for the disappearance of the conventional fatigue limit is discussed. Specifically, this paper focuses on the following: (i) the crucial role of internal hydrogen trapped by non-metallic inclusions for the growth of the optically dark area (around the non-metallic inclusion at fracture origin), (ii) the behaviour of the crack growth from a non-metallic inclusion as a small crack and (iii) the statistical aspects of the VHCF strength, in consideration of the maximum inclusion size, using statistics of extremes. In addition, on the basis of the aforementioned findings, a new fatigue design method is proposed for the VHCF regime. The design method gives the allowable stress, σ allowable , for a determined design life, N fD , as the lower bound of scatter of fatigue strength, which depends on the amount of components produced.
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N O M E N C L A T U R E
ffiffiffiffiffiffiffiffi ffi area p = square root of the area of crack or defect ffiffiffiffiffiffiffiffi ffi area p ODA = square root of the area of ODA ffiffiffiffiffiffiffiffi ffi area p max = maximum inclusion size ffiffiffiffiffiffiffiffi ffi area p max;j = maximum inclusion size in the j th inspected area or volume C H = hydrogen content F j = cumulative distribution function HV = Vickers hardness value j = integer number (=1, 2, 3…) n = number of inspections N = number of loading cycles N f = number of loading cycles to failure N fD = design life R = stress ratio S = area for prediction S 0 = standard inspection area T = return period V = volume for prediction V 0 = standard inspection volume y = reduced variate y j = j th reduced variate γ = growth ratio of ODA (¼ ffiffiffiffiffiffiffiffi ffi area p ODA = ffiffiffiffiffiffiffiffi ffi area p max ) σ allowable = allowable design stress ΔK = stress intensity factor range ΔK th = threshold stress intensity factor range ΔK ODA = stress intensity factor range calculated for ODA Δσ = stress range σ = applied normal stress σ w′ = threshold stress calculated by considering the ODA size
The disappearance of the conventional fatigue limit (Fig. 1) , as has been defined by fatigue testing up to 10 7 cycles, is a matter of great concern for many researchers.
1-26 A topic of intense debate has been the mechanism leading to fatigue fracture of high-strength steels in the very-highcycle fatigue (VHCF) regime, most of which originates from the non-metallic inclusions at the sub-surface. In the late 1990s, Murakami et al.
1-4 identified the presence of a particular morphology, that is, an optically dark area (ODA), which surrounds the inclusion at fracture origin. They presumed that the formation of the ODA is influenced by hydrogen trapped by inclusions. [5] [6] [7] [8] According to detailed observations by Murakami et al. the growth of the ODA is not due to the ordinary cycle-by-cycle fatigue mechanisms, but due to the very slow, non-cycle-by-cycle crack growth caused by a synergistic effect with cyclic stress and hydrogen trapped by inclusions. [5] [6] [7] [8] The mechanism suggests that when evaluating the fatigue strength of highstrength steels, the following factors should be considered:
(i) the growth rule of the ODA with the assistance of internal hydrogen; (ii) the difference between small cracks and large cracks, with regard to the threshold stress intensity factor range, ΔK th ;
(iii) the statistical aspect of fatigue strength, as influenced by inclusion size.
In the present paper, the factors which affect the fatigue failure of high-strength steels in the VHCF regime are reviewed, and the mechanism leading to the non-existence of the conventional fatigue limit is later discussed. In addition, a new fatigue design method is proposed for the VHCF regime. The new design method gives the allowable design stress, σ allowable , for a determined design life, N fD , as the lower bound of scatter of fatigue strength depends on the amount of components produced.
M A T E R I A L S
The elimination of the conventional fatigue limit in the VHCF regime has been observed for various high-strength steels, with high hardness values (HV = 500-700 or higher), for example, Cr-Mo steels, bearing steels and spring steels.
1-22
In the present paper, the data from a Cr-Mo steel (JIS-SCM435) [1] [2] [3] [4] [5] 7 and two bearing steels (JIS-SUJ2 and GCr15) 6,9,10 are reviewed. Table 1 presents the material data and test methods. In order to reveal the effects of hydrogen trapped in materials, the data for specimens with different hydrogen content are compared. The loading types are tensioncompression, 1-7 rotating bending 17 and ultrasonic testing, 9 Fig. 1 Size effect in VHCF property -comparison of S-N data for rotating-bending [17] and tension-compression [6] specimens of JIS-SUJ2.
which were operated at frequencies of 1-50, 52.5 and 20 000 Hz, respectively. All tests were performed at stress ratio, R = À1. Details about the materials and the experimental procedures were reported in the literature.
1-7,9,17
Inclusions, optically dark area and hydrogen at fracture origin
Fatigue fracture origins of high-strength steels failed in the VHCF regime exhibit a common particular morphology. The unique characteristics can be summarized as follows: 2 In the region of fracture origin, a dark area can be observed with an optical microscope in the vicinity of the inclusion. The dark area is labelled ODA. 1,2 Figures 2 and 3 present optical micrographs of the fracture origins in JIS-SCM435 specimens, QT (hydrogen content: C H = 0.7-0.9 mass ppm) and VQ (C H =~0.01 mass ppm). 5 The size of the ODA increases with an increase in fatigue life, N f . However, the ODA is not found at fracture origin in the case of a short fatigue life (e.g. Fig. 2(a) ). 3 The specimens containing low hydrogen content exhibit a small ODA. A comparison of Figs. 2 and 3 shows that the ODAs in the VQ specimens (C H =~0.01 mass ppm) are much smaller than those in the QT specimens (C H = 0.7-0.9 mass ppm), at an identical N f value. This provides evidence that hydrogen content is closely related to the formation of the ODA. 4 According to scanning electron microscopy observations, 22 ODAs have a rough morphology quite different from that of the surrounding white areas (Fig. 4) . Observations of ODAs by atomic force microscopy and laser microscopy also revealed that the ODA morphology is very different from a typical fatigue fracture surface. 22 5 Non-metallic inclusions tend to strongly trap hydrogen. 28 Figure 5 shows the secondary ion images of hydrogen, as trapped by an inclusion at the fracture origin of the JIS-SCM435 specimens, QT (C H = 0.7-0.9 mass ppm) and VQ (C H =~0.01 mass ppm). 5 Hydrogen is trapped by the inclusion in the QT specimen, whereas almost no hydrogen is trapped by the inclusion in the VQ specimen. The result infers that the dissimilarity in the ODA size of these two specimens is caused by the difference in the amount of hydrogen trapped by the inclusions.
Based on the previously mentioned findings, Murakami et al. proposed a model for the VHCF failure of high-strength steels.
2 Figure 6 shows a schematic of the mechanism for elimination of the conventional fatigue limit.
2 According to the model, the growth of the ODA is not due to cycle-bycycle fatigue mechanisms but to a synergistic effect, which combines both the cyclic stress and the hydrogen trapped by the inclusions. Most of the fatigue life is spent in forming the ODA in the VHCF regime. Once the size of the ODA becomes critical, the fatigue crack can only propagate via cyclic stress, without any assistance from the hydrogen.
Optically dark area master curve
Figures 7 and 8 show the relationship between the size of the ODA, relative to the original inclusion size and the loading cycles to failure, N f , in the Cr-Mo steel and bearing steels. 3, 9, 29 Here, the inclusion and ODA sizes are defined by the square root of the area, ffiffiffiffiffiffiffiffi ffi area p , where area denotes the area of the domain defined by projection of the inclusion on a plane normal to the loading axis. 30 These monotonically-increasing relationships between ffiffiffiffiffiffiffiffi ffi area p ODA / ffiffiffiffiffiffiffiffi ffi area p and N f are labelled as the 'ODA master curve', where ffiffiffiffiffiffiffiffi ffi area p ODA is a function of the applied stress. 29 As is schematically presented in Fig. 9 , specimens Fig. 4 Images of the optically dark area obtained by using different types of microscopes (σ = 560 MPa, N f = 1.11 × 10 8 , ffiffiffiffiffiffiffiffi ffi area p = 29 μm, ffiffiffiffiffiffiffiffi ffi area p ODA = 55 μm) [22] . AFM, atomic force microscopy; SEM, scanning electron microscopy. Fig. 3 Optical micrographs of fatigue fracture origin and the optically dark area (ODA) (Specimen VQ of JIS-SCM435, C H = 0.01 ppm) [5] . having longer fatigue lives, N f , show a larger ODA relative to the original inclusion size, as incorporated in the ffiffiffiffiffiffiffiffi ffi area p parameter. Figures 7 and 8 reveal that the master curve for the VQ (C H =~0.01 mass ppm) specimens is lower than that for the QT (C H = 0.7-0.9 mass ppm) specimens.
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With knowledge of the master curve, the service loading cycles, N f , for failed components can be estimated. Figure 10 shows an example of the fracture surface of a gear steel. Based on the master curve in Fig. 7 , N f is estimated to be N f ≈ 5 × 10 6 from the value of ffiffiffiffiffiffiffiffi ffi area p ODA / ffiffiffiffiffiffiffiffi ffi area p = 1.48 in Fig. 10 . Such a rough estimation is possible for various steels, becasue the ODA master curve for steels subjected to ordinary heat treatment remains unaffected by any variation in the types of steel.
Statistical aspect of the fatigue strength of high-strength steels
The scatter of the S-N data (e.g. Fig. 1 ) is caused mainly by the large scatter of the inclusion size, because the maximum inclusion contained in the specimen becomes the origin of fracture. 30 With an increase in component size and the number of components produced, the lower bound of fatigue strength scatter decreases, because of the possibility of the existence of larger inclusions. Figure 1 presents such an example. Thus, the size effect due to the statistical distribution of inclusions should be considered for the evaluation of fatigue strength.
In order to predict the maximum inclusion size contained in a large number of components, the inclusion rating making use of the statistics of extremes is available. The detailed theory and procedures are explained in the existing literature. [30] [31] [32] The essence of the method of statistics of extremes is summarized as follows:
1 The ffiffiffiffiffiffiffiffi ffi area p is used as the representative dimension for inclusions. 30 The maximum size of ffiffiffiffiffiffiffiffi ffi area p and ffiffiffiffiffiffiffiffi ffi area p max;j is sampled for a standard inspection area, S 0 (e.g. micrographs of the mirror-finished area), or for a standard inspection volume, V 0 (e.g. control volume of a fatigue test specimen). This operation is repeated n times and the values of ffiffiffiffiffiffiffiffi ffi area p max;j are classified as ffiffiffiffiffiffiffiffi ffi area p max;1 ≤ ffiffiffiffiffiffiffiffi ffi area p max;2 ≤⋯≤ ffiffiffiffiffiffiffiffi ffi area p max;j . The cumulative distribution function F j (%) and the j th reduced variates, y j , are then calculated by using the following equations:
2 The data are then plotted on a graph for extreme value distribution. The examples are provided in Fig. 11 . Point j has an abscissa co-ordinate of ffiffiffiffiffiffiffiffi ffi area p max;j , while the ordinate axis represents either F j or y j . 3 The reduced variates plotted against ffiffiffiffiffiffiffiffi ffi area p max;j result in a straight line. The linear distribution of the maximum size of inclusions can be expressed as Fig. 8 Master curve of the optically dark area (ODA) for bearing steels [3, 9] . 
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where, a and b are constants, y = -ln{-ln [ j/(n+1)]} and T = S/S 0 (or T = V/V 0 ). Here, T represents the return period, and S (or V), the area (or volume) for the prediction. From Eq. (3), the maximum inclusion size, ffiffiffiffiffiffiffiffi ffi area p max , can be obtained for an identical S or V.
The estimated ffiffiffiffiffiffiffiffi area p max is not only useful for the prediction of fatigue strength scatter bands for large numbers of specimens or mass production products but also for the quality control of materials at the purchase-acceptance stage. Over the course of decades, continual improvement in steel-making technology has increased steel cleanliness, leading to a remarkable decrease in the size of non-metallic inclusions in various steels. The fatigue strength of highstrength steels tends to increase year by year, corresponding to the reduction of inclusion sizes (Fig. 11(a) 
30
). Nevertheless, even nowadays, very rare large inclusions still cause fatigue failure at around the lower band of statistical scatter for fatigue strength in most high-strength steels.
Threshold stress intensity factor range ΔK th for optically dark area
As is well-known, a small crack (e.g. a crack smaller than 1 mm) grows much faster than a large or long crack (e.g. a crack in a compact-tension specimen), when the growth rates are compared at the same ΔK level. [33] [34] [35] Moreover, it has also been reported that the threshold stress intensity factor range, ΔK th , for the small crack is smaller than that of the large or long crack, that is, the value of ΔK th is not a material constant, but it decreases by decreasing the crack size in the small crack regime. [36] [37] [38] [39] [40] [41] Accordingly, crack initiation from non-metallic inclusions, as well as subsequent growth, should be dealt with the theory of small cracks. As has been discussed previously, it is presumed that the border of ODAs is the transition point between two fracture mechanisms, that is, hydrogen-assisted fatigue fracture and the start of the ordinary fatigue crack growth. Figure 12 shows the relationship between the ODA size, ( ffiffiffiffiffiffiffiffi area p ODA ), and the stress intensity factor range at the periphery of the ODA (ΔK ODA ) for bearing steels (JIS-SUJ2 and GCr15). 6, 9, 17 It must be noted that, in the ordinate of Fig. 12 , ΔK ODA is normalized by (HV + 120), in order to compare the experimental data of steels with different hardnesses. The values of ΔK ODA were calculated based on the following equation, proposed by Murakami et al.:
For an internal crack ð Þ
where 30, 40, 41 (the solid line in Fig. 12 ), which is expressed as follows:
where ΔK th : MPa ffiffiffiffi m p , ffiffiffiffiffiffiffiffi area p ODA : μm and HV: kgf/mm 2 .
The aforementioned results evidently present the behaviour of the ODA crack as that of a small crack, thereby indirectly supporting the proposed model in Fig. 6 for the VHCF failure. After very slow fatigue crack growth inside the ODA near the inclusion, 4 the crack size exceeds the critical dimension for the mechanical threshold value, ΔK th , as estimated by the ffiffiffiffiffiffiffiffi ffi area p parameter model, and then the fatigue crack continues to grow by ordinary fatigue crack propagation mechanisms, without any hydrogen assistance. Figure 13 shows modified S-N data for JIS-SCM435, that is, the relationship between the number of loading cycles to failure, N f , and the ratio of applied stress, σ, to the modified threshold stress, σ w ′, calculated by considering the ODA size instead of using Fig. 12 Relationship between ffiffiffiffiffiffiffiffi ffi area p ODA and ΔK ODA for bearing steels [6, 9, 17] . ODA, optically dark area. Fig. 13 Modified S-N data for JIS SCM435 (σ w ′: modified fatigue limit for a small crack in the optically dark area, Eq. (6)) [3] .
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the original inclusion size, ffiffiffiffiffiffiffiffi ffi area p . 5 The value of σ w ′ for the stress ratio, R = -1 can be calculated by the following equation:
In all cases, the values of σ/σ w´f or failed specimens exceed approximately 1.0. This indicates that σ w ′ is the threshold stress, and ΔK ODA is the threshold stress intensity factor range for the small ODA crack. The results shown in Fig. 13 also support the proposed model in Fig. 6 for the VHCF failure.
F A T I G U E D E S I G N M E T H O D F O R V E R Y -H I G H -C Y C L E F A T I G U E L I F E R E G I M E
Because the conventional fatigue limit disappears in high-strength steels, new fatigue design methods should be developed based on the service life of components. Introducing the so-called empirical 'safety factor' to this problem is not recommended because the fatigue strength and life of components decrease with increasing size and number of products, because of the statistical distribution of the size of non-metallic inclusions. No 'conservative constant safety factor' can be determined for this problem.
The necessary data for the design are listed as follows:
(i) the ODA master curve as a function of fatigue life, N f (Figs. 7 and 8); (ii) prediction of the maximum inclusion size, ffiffiffiffiffiffiffiffi ffi area p max , by statistics of extremes (Fig. 11) ; and (iii) determination of the threshold stress (allowable design stress) for the critical ODA size, based on the ffiffiffiffiffiffiffiffi area p parameter model. 30 The allowable design stress, σ allowable , for a given design life, N fD , can be predicted as follows. Figure 14 presents the flowchart of the VHCF life design method. Figure 15 illustrates an example of the application of the method to JIS-SCM435 steel.
The design procedure: components put into service and V 0 is the unit inspection volume used for the sample) 4 From (2) and (3), the critical ODA size, ffiffiffiffiffiffiffiffi ffi area p ODA by ffiffiffiffiffiffiffiffi ffi area p ODA = γ ffiffiffiffiffiffiffiffi ffi area p max , can be obtained, where γ is the growth ratio up to N = N fD . The obtained σ allowable is the allowable stress at the lower bound of fatigue strength scatter for the components in question during the expected service life, N = N fD . In fact, the proposed design method has successfully been applied to the development of a half-toroidal-type transmission, CVT, for automobiles. 42 
C O N C L U S I O N S
The factors affecting the fatigue failure of high-strength steels in the VHCF regime are reviewed, and the mechanism for the non-existence of the conventional fatigue limit is discussed. It is suggested that during the evaluation of the fatigue strength of high-strength steels, the following factors should be considered: (i) the growth rule of ODAs with the assistance of internal hydrogen; (ii) the difference in threshold stress intensity factor range, ΔK th , between small cracks and large cracks; and (iii) the statistical aspect of fatigue strength, as influenced by inclusion size.
In consideration of all the various factors, a new fatigue design method has been proposed for the VHCF regime. The design method incorporates the allowable stress, σ allowable , for a given design life, N fD , as the lower boundary of fatigue strength scatter due to the number of components produced. The proposed method has already been successfully applied during the development of an automobile component. 
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